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Designing and construction of a good graph, which can represent the data structure even in the presence of noise appropriately, is necessary for
spectral clustering. In this paper, we propose a new graph construction method that can capture not only the global mixture of subspaces structure, but
also the locally linear structure of the data by low rankness and sparseness. In the graph constructed by the proposed method, vertices are the data and
edge weights (affinity matrix) are defined in form of W  Z T Z , which matrix of Z is sparse representation of the data and is obtained based on a
dictionary (D) using orthogonal matching pursuit (OMP) algorithm. Dictionary plays an important role in this study. Therefore, we have chosen it as a
designed dictionary and adapt its atoms by K-SVD algorithm which contains special characters to fit data and make a good graph. We have also
defined a new graph evaluation criterion and examined its performance by other existing criteria. Also, we used the extended YALE-B, COIL-100,
ORL and the TDT2 as benchmark data sets and evaluated and compared the proposed graph construction method with other methods, e.g., L1-graph,
non-negative low-rank and sparse (NNLRS) graph, Gaussian kernel graph and k-nearest-neighbor (KNN) graph, by new criterion and other
evaluation criteria. Our simulations results confirm the superior performance of the proposed method compared to the others, especially when the data
are noisy and contain outliers or lie in the intersection of multiple subspaces.
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1 Introduction
Since graphs include useful information about the
data, nowadays are too taken into consideration. Many
graph-oriented algorithms have been proposed that are
based on the features which graphs are, and used for
spectral clustering and subspace learning. Some works on
manifold learning, e.g., Laplacian Eigenmaps [1],
ISOMAP [2] and locally linear embedding [3], some
others work on most popular subspace learning
algorithms, e.g., principal component analysis (PCA) [4],
linear discriminant analysis (LDA) [5], and locality
preserving projections [6]. In addition, there is some
semi-supervised learning algorithms that have been
presented by Zhu et al. [7], Belkin and Niyogi [8], and all
are dependent on the graphs which constructed in
different methods.
Graph-oriented algorithms model the relationships
between the data points as a graph, which nodes are data
and pairwise edges between these nodes are the similarity
between the corresponding data samples. In most papers,
the graph representing matrix which is a block-diagonal
matrix called affinity matrix. Based on this matrix a lot of
algorithms have been presented for different tasks, e.g.,
data clustering and feature extraction. In most related
studies, affinity matrix construction can be done in two
ways. One is based on pairwise distances and using a
criterion, e.g., Euclidean distance [9], and the other is
based on reconstruction coefficients which assumes each
data point represented as a linear combination of the other
points. In fact, the second method implies the existence of

same features in the intra-subspace points [9], [10]. When
When data are without noise and particular problems,
graph construction can be done in simple way as [9],
[10], [11] to recover the subspace structures. However,
when the data are noisy and contain outliers or lie in the
intersection of multiple subspaces, it seems hard to
construct a good graph. In such circumstances, graph's
affinity matrix contains significant connection weights in
the inter-class data point’s area. Removing these types of
errors and connections is important in constructing a
good graph and has been considered by many researchers,
e.g., Sparse Subspace Clustering [12], Locally Linear
Manifold Clustering [13], Fixed Rank Representation
[14], Agglomerative Lossy Compression [15], Latent
Low Rank Representation [16], L1-graph [17], Spectral
Multi-Manifold
Clustering
[18],
Low
Rank
Representation [19] and Least Squares Regression
[20].Generally, good graph is a graph which have some
characteristics as high discriminating power, low sparsity,
low rankness and adaptive neighborhood to can reveal the
true intrinsic dimensionality of the data and also capture
certain global structures of the data as a whole (i.e.
subspaces, multiple clusters, or manifolds) [21]. Most of
the existing methods such as Locally Linear
Reconstruction [22], L1-graph [23] and k-nearest
neighbors can only capture the local structures and cannot
capture the global structures of the data (i.e. the clusters),
and also are very sensitive to local data noise and errors
or at least in some cases (i.e. L1-graph) when no extra
“clean data” are available, these methods may not be
robust to noise and outliers [23]. Also, there are some
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works as Non-negative low-rank and sparse (NNLRS)
graph [24], which are both generative and discriminative.
However, computational complexities and lack of good
quality to reveal data structures are their problems.

Although, the existing graph construction methods have
been somewhat successful, but finding a better way is
still open. In this paper, a new method presented to
construct a good graph based on the sparse representation
of data which encoding each data sample over the
dictionary. Dictionary training performed using K-SVD
algorithm that leads to the best possible representations
for each data with strict sparsity constraints. Also, sparse
representation of data obtained using orthogonal
matching pursuit (OMP) algorithm which proves to be
the best, especially from a run-time point of view [23].
The K-SVD algorithm includes special characters which
enable us to construct a good graph, e.g., an effective
sparse representation, a Gauss–Seidel-like accelerated
dictionary update procedure and direct trainability (by
primary data that may be noisy and contain outliers or
even lie in the intersection of multiple subspaces). This
algorithm
consecutively
calculates
the
sparse
representation of the data and updates the dictionary
atoms to better fit the data. The update of the dictionary
atoms is based on the singular value decomposition
(SVD) and combined with an update of the sparse
representations, thereupon accelerating convergence.
The remainder of this paper is organized as follows:
Section 2 describes sparse coding along with K-SVD and
OMP algorithms which play key role in the proposed
method. Section 3 is about two well-known evaluation
criteria, Accuracy (Ac) and Normalized Mutual
Information (NMI). Moreover, our proposed method,
which contains graph construction algorithm and a new
evaluation criterion, is introduced in Section 4, and
Section 5 reports the results of a series of experiments
which examine the effectiveness of the proposed method.
Finally, we provide some concluding remarks in Section
6.
2

The necessary preliminaries

The method which proposed in this paper is based on the
sparse representation of data and its particular
belongings. The key point of the proposed method that
leads to construct a good graph is to apply K-SVD and
OMP algorithms for training a dictionary and finding a
sparse representation of data. Therefore, in the following
we will explain them briefly.

Sparse representation of data is of the issues which
recently too considered by researchers [32]. Sparse
representation of data is the possibility of making data
based on linear combination of a small number of atoms
in the dictionary. It depends on the quality of the
considered dictionary in justifying the characteristics of
data. Thus choosing or making dictionary is of particular
importance. The problem of sparse representation of a
signal which commonly referred to as “atom
decomposition” formulated as follows [32], [33] and can
be solved by a “pursuit algorithm” that finds an
approximated solution:
min z z

0

s.t.

y  Dz

2



(1)

where D  R nk is the dictionary matrix, y  R n is a signal
which can be represented as a sparse linear combination
of some atoms, z  R k contains the representation
coefficients of the signal y, and

p

is l p -norm.

A lot of applications can gain from sparse representation
of signal, e.g., feature extraction, compression, signal
denoising and inpainting [33]. In this paper, features of
the sparse representation of data are used to construct a
good graph.


K-SVD ALGORITHM

K-SVD algorithm is introduced for training of
dictionaries and contains flexibilities which make it
possible to work in conjunction with any pursuit
algorithm [32]. But the capability of K-SVD in well
justifying the characteristics of signals attracted us to use
this method for graph construction. This method is highly
efficient, due to an effective sparse representation and a
Gauss–Seidel-like accelerated dictionary update method.
The K-SVD alternates between sparse representation of
the data and updating the dictionary atoms to better fit the
data. The update of the dictionary atoms is based on the
singular value decomposition (SVD), rank one
approximation, and combined with an update of the
sparse representations, therefore, convergence is
accelerated. K-SVD algorithm is used as [32] in the
proposed method.


THE ORTHOGONAL MATCHING PURSUIT
ALGORITHM
Many pursuit algorithms have been proposed to
approximate solutions in the problems of sparse
representation, e.g., Matching Pursuit (MP), Basis Pursuit
(BP), FOcal Underdetermined System Solver (FOCUSS)
frames, Orthogonal Matching Pursuit (OMP) and etc.
[34], [35], [36]. The OMP is greedy and a stepwise

forward selection algorithm which simply computes the
sparse representation of data based on the inner product
between the data and dictionary columns and deploying
some least squares solvers. In each step, the column of
dictionary that has the most correlation with the residual
columns, was selected and add into the already selected
columns. Some good aspects of this algorithm motivated
us to use it in our graph construction procedure, e.g.,
robustness against noisy data and run-time point of view
[23]. OMP algorithm is used as [23].

3 EVALUATION CRITERION
In this part of the paper, two well-known criteria are
introduced for comparing the performance of the different
graph construction algorithms in view point of clustering.
First criterion is Ac (the Accuracy, sometimes called the
purity) [41] and has been defined as Eq.2.
N

 (L

~

~

(i ) , Map ( L, L ) (i ) )

Ac 

i 1

(2)
N

where and respectively are the clustering result labels
and the known thruth data labels, N is the number of data
samples, ), Map( L, L~) is the Kuhn-Munkres algorithm
results as the best mapping function, [40]. If A and B are
~
the index sets of all samples in L and L , Map( L, L~)

Our innovations contain two parts that respectively are
the new graph construction method and a new evaluation
criterion which considered in follows.



A New graph construction method (K-SVD
graph)
The method is based on the reconstruction coefficients
which assumes each data point represented as a linear
combination of a small number of atoms in a special
dictionary. Dictionary is chosen as a designed dictionary
and adapted its atoms by K-SVD algorithm as mentioned
in the section 3.2. In the proposed method, affinity matrix
is defined as bellow:
W  ZT Z

(5)

Where matrix of Z is the sparse representation of data and
is obtained based on K-SVD dictionary (D) using
orthogonal matching pursuit (OMP) algorithm. A full
description of the proposed algorithm is given in the
bellow:
Target: Constructing a K-SVD graph.
Step1: Initializing the dictionary matrix (D), sparseness
coefficient ( ), error threshold ( ), lagrangian
coefficient ( ) and noise gain (G).

permutes the index set A in L to match the index set B in
~
L . Besides,  (a, b) is a function that equals to 1 if and

Step2: Running the K-SVD algorithm as mentioned in
section II to make dictionary (D).

only if a  b . So, in fact, Ac computes the number of
correct clustering.

Step3: Calculating the sparse representation of data (Z)
based on D and orthogonal matching pursuit algorithm.

The second criterion is NMI (Normalized Mutual
Information) [42]. Let’s consider p(a) and p(b) are the
marginal probability distribution functions of A and B,
p(a, b) is the joint probability distribution function, H (A)
and H (B) are the entropies. Therefore the mutual
information between A and B is defined as:
MI ( N , M ) 

  p(n, m) log

nN mM

2(

p(n, m)
)
p(n) p(m)

(3)

and the normalizes mutual information would be as Eq. 4.

NMI ( A, B) 
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MI ( A, B)
max( H ( A), H ( B))

THE PROPOSED METHOD

(4)

Step4: Constructing the affinity matrix as bellow:

W  ZT Z

This kind of dictionary selection as well as finding the
reconstruction coefficients using OMP algorithm lead to
construct a good graph which contains both of the global
mixture of subspaces structure and the locally linear
structure of the data and we called it K-SVD graph. This
graph is sparse and low rank and also has high
discriminating power and suitable robustness against
noisy data. Obviously, the experimental results section
can confirm these issues.


A new evaluation criterion (Graph Laplacian
Eigen Space Evaluator, GLESE)
We introduce a new criterion to compare more the
effectiveness of the algorithms. In this evaluation method,
we assume consecutively arranged the data samples

which are belonged to the same cluster. Therefore, apply
the spectral decomposition procedure on data as follows:
Target: Spectral decomposition

after

the

spectral

decomposition,

and

vi  R1 N ,

i  1,2,...,M is each Eigen vector of V, and Qi (k ) is the
absolute value of the discrete cosine transform of each
Eigen vector and defines as Eq.6:

Input: Affinity matrix (W)
Step1: Calculating the diagonal degree matrix (M) and laplacian matrix as
follows.

mii 

w

ij

,

L  M W

j

Step2: Then calculating the eigen vectors and eigen values as bellow.

N

Qi (k ) 

After the spectral decomposition, the resulted Eigen
vectors and eign values have information that used for
spectral clustering [1], [9]. For example, Fiedler in [43]
classified data into two groups using sign of second Eigen
vector or NJW [22] uses K eigenvectors, corresponding to
to the K largest eigenvalues, of the normalized affinity
matrix of data to cluster data.
Thus, when data arranged consecutively, a good Eigen
vector has meaningful structure. In better words, a good
Eigen vector relatively has same value for samples which
are in the same cluster. Thereupon, a good Eigen vector
almost has template in time domain or has dominant
harmonic in frequency domain. Figure 1 shows two
samples Eigen vectors, that the bottom vector has
dominant harmonic and known as a good Eigen vector.

Figure 1: Sample Eigen vectors: EV1 (without information),
EV2 (has template and dominant harmonic)

Consequently, the new criterion introduced as Eq.8 and
we called it “Graph Laplacian Eigen Space Evaluator”
(GLESE). GLESE evaluates information of each Eigen
vector by comparing the strongest harmonic (maximum
coefficient of DCT) with average of others. So assume
that V  R M  N is Laplacian Eigen space and resulted

 (2n  1)( k  1)

i

n1

2N

i  1,2,...,M , k  1,2,...,N

(6)

Now Eigen Vector Evaluator (EVE) and GLESE could be
defined as:

LV  SV
Outputs:Eigen vectors matrix (V) and diagonal matrix of Eigen values (S)

 v (n)Cos(

EVEi 

mean (Qi ) 1
 , i  1,2,...,M
max(Qi ) N

(7)

M

GLESE 

 EVE

i

(8)

i 1

Eq.8 evaluates all of the Eigen vectors that Eigen space
has, and a good Eigen space (corresponding to a good
graph) minimizes it. It is necessary that all transforms
which have ability to establish the frequency of changes
in the eigenvectors could be used. We decided to use
DCT as a simple and real transform.
5 EXPERIMENTAL RESULTS
In this section, several different data sets from different
machine learning applications have been selected for
experiments. They are: the extended YALE-B face
database [37] (contains 38 individuals and around 64 near
near frontal images), COIL-100 database [38] (contains
7,200 color images of 100 objects), The ORL database
[39] (contains 10 different images for each of 40 distinct
subjects) and the TDT2 database [39] (consists of 11,201
on-topic documents which are classified into 96 semantic
categories), These data sets contain different formats of
data and were considered as the benchmarks in this work.
In simulations, we considered our new graph evaluation
criterion along with other criteria. Also, we select some
of the most prominent graph constructing methods such
as Gaussian kernel graph, L1-graph, non-negative lowrank and sparse (NNLRS) graph and k-nearest-neighbor
(kNN) graph for comparison with our new graph
constructing method. To constrauct our new graph, for all
used databases, the dictionary used were of size 100 625
and initialized by DCT atoms, the value of noise gain, G,
is selected to be 1.15, iteration number is 80 and
lagrangian coefficient is   30 / sigma . Where sigma is
the variance of noise.
Sparse representation of data depends on the ability of the
made dictionary in justifying the characteristics of a data.
Therefore, the quality of the trained dictionary
investigated at all stages by computing the mean

reconstruction error (RMSE: root mean square error). the
quality of dictionary improved when dictionary was
updated several times by K-SVD algorithm.
If using the made dictionary to construct a graph,
resulting graph is denser, lower rank and better than a
graph which may be made in other ways. Figure 2
indicates a specific example, where superiority of our
graph is evident in comparison with Gaussian kernel
graph.

Figure 2: Affinity matrix of: Gaussian kernel graph (left) and
proposed method (right)

proposed method calculated was lower because the
necessary number of atoms in dictionary which could
represent the data well was much less than the number of
data samples. So, the affinity matrix obtained by the
proposed method includes both of properties of the lower
rank and more sparsity.
In the following sections the effectiveness of the proposed
method by various analyses is examined. First, evaluate
the effectiveness of the proposed method by comparing
the results of spectral clustering using the clean data and
then repeat it by the corrupted data. For this purpose,
evaluate the performance of different algorithms using Ac
and NMI as well as GLESE.
The clustering quality of the proposed method (K-SVD
l
graph), Gaussian kernel graph (GK), 1 -graph, nonnegative low-rank and sparse (NNLRS) graph and knearest-neighbor (kNN) graph are investigated in this
subsection. Meantime, we used all four data sets for
comparison.


Table 1: Clustering quality based on best Ac and corresponding
NMI for different algorithms and databases
Data
Sets

Criterion

KSVD
graph

GKgraph

NNLRSgraph

L1graph

kNN
graph

EXYALEB

Ac

0.805

0.398

0.801

0.702

0.558

NMI

0.814

0.491

0.843

0.718

0.435

COIL100

Ac

0.827

0.215

0.774

0.632

0.544

NMI

0.866

0.482

0.852

0.681

0.571

Ac

0.852

0.187

0.684

0.803

0.453

NMI

0.837

0.481

0.773

0.824

0.482

Ac

0.801

0.191

0.787

0.743

0.524

NMI

0.889

0.435

0.868

0.757

0.591

ORL

TDT2

In this example, the rank of the affinity matrices
respectively calculated 188 and 100. Rank of the

SPECTRAL CLUSTERING OF CLEAN DATA

In this part of the experiments, the performance of the
proposed method compared with others in the spectral
clustering by the clean data. For this purpose, we used Ac
and NMI as mentioned before. The comparative results on
clustering accuracy are listed in Table 1, which confirm
the superiority of the proposed algorithm in the facing
different databases. As seen in Table 1, the clustering
results of the proposed algorithm are better than those
from all the others for both criteria. Also, NNLRS graph
and l1 -graph are relatively better and more stable than
GK-graph and kNN-graph. Meanwhile, all the mentioned
results in Table 1 achieved when tuning well the
parameters of the algorithms. Furthermore, we used the
made criterion, GLESE, to compare the performance of
the mentioned algorithms on data sets (Table 2).
Meanwhile, for more comparison Figure 3 illustrates the
EVE (Eq.7) of all Eigen vectors evaluation results and the
GLESE (Eq.8) Eigen space evaluation results for all the
mentioned algorithms on ExYale-B database.
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Figure 3: GLESE results on ExYale-B database (left column: Eigen vectors evaluation results (EVE) for different methods, GLESE of
Eigen space evaluation result has been listed above the figure, right column: the best Eigen vector with minimum EVE corresponding to
the evaluation).
Table 2: GLESE results for different algorithms and databases
Data Sets

K-SVD graph

GK-graph

NNLRSgraph

L1- graph

kNN graph

EX-YALE-B

191.69

242.87

202.81

200.69

231.56

COIL-100

181.22

237.46

196.52

204.47

226.33

ORL

195.15

244.18

207.55

209.78

236.42

TDT2

207.13

263.71

223.12

244.90

256.87

As seen in Figure 3, the best Eigen vector corresponding
to the proposed method has better template in time
domain and strongest dominant harmonic in frequency
domain than other algorithms. Hence, it has better
information which can be used for classification.
Generally, the GLESE results follow the Ac and NMI
evaluations, and also confirm the superiority of the

proposed method in comparison with others (Figure 3 and
Table 2).


SPECTRAL CLUSTERING OF CORRUPTED
DATA

In this part of the paper, the performance of the proposed
method in clustering by corrupted data was examined. For
this purpose, the data sets corrupted with additive
Gaussian noise. Performance of all algorithms was
compared by Ac, NMI and GLESE. Results of the
algorithms based on Ac and NMI are mentioned in Table
3 when peak signal to noise ratio (PSNR) chosen 6 dB
(for more corruption). PSNR in this work calculated as
Eq.9.

PSNR  10 log10

1
e2

(9)

where is the mean squared error between original data
and processed data. A comparison using GLESE for
different PSNR and algorithms illustrated in Figure 4.

Table 3: Clustering quality based on best Ac and corresponding NMI for corrupted data (PSNR=6dB)
Data Sets

Criterion

K-SVD
graph

GK-graph

NNLRSgraph

L1- graph

kNN graph

EX-YALE-B

Ac

0.812

0.125

0.512

0.631

0.326

NMI

0.815

0.234

0.534

0.718

0.417

Ac

0.819

0.137

0.463

0.637

0.319

NMI

0.843

0.236

0.527

0.564

0.423

Ac

0.830

0.124

0.378

0.513

0.349

NMI

0.842

0.261

0.536

0.745

0.389

Ac

0.814

0.147

0.512

0.612

0.337

NMI

0.862

0.246

0.597

0.601

0.431
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Figure 4: the GLESE comparative results for different algorithms

As seen in the Figure 4, although the performance of the
proposed method is comparable with NNLRS-graph and
L1-graph for larger PSNR, but it increases for lower
PSNR which indicates its greater robustness against noisy
data. Figure 5 shows this issue based on PSNR ratio for

different noise level on a specific sample of ExYale-B
database. In fact, Figure 5 shows the denoising capability
of the K-SVD based data representation. These results
achieved when data reconstructed after the encoding by
K-SVDdictionary.

Figure 5: Robustness of the proposed method based on K-SVD in facing different noise level (top row: noisy data, bottom row:
reconstructed data based on K-SVD)

6 CONCLUSION
In this paper, we proposed a new graph construction
method which can be used for development of the graphbased machine learning tasks. In this work, the weights of
the affinity matrix are derived by nonnegative sparse
representation of data based on K-SVD dictionary and
using OMP algorithm which naturally contain special
characters to fit data and make a good graph, especially
when the data are noisy and contain outliers or lie in the
intersection of multiple subspaces. Experimental results
have shown the superior performance of the proposed
method compared to others and also its sparseness, low
rankness, high discriminating power and greater
robustness against noisy data.
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